ABSTRACT A new memristor-based hyperchaotic system is described in this paper. After studying on its basic dynamic characteristics, it is found that the hidden attractors can be obtained by adding a nonzero parameter (which named optimized factor in this paper) to the system. Moreover, when the optimized factor is varying, the corresponding hidden attractors of the system is symmetrical and can convert between double scrolls and a single scroll. Further, the optimized memristor-based hyperchaotic system is implemented by analog circuits. Corresponding experimental results are completely consistent with the theoretical analysis.
I. INTRODUCTION
Chua [1] proposed the memristor as the fourth basic circuit element in 1971 by analyzing the completeness of circuit. However, due to the lack of realistic physical devices, the memristors did not attract much interest from researchers in the next 30 years. Until 2008, a research group at HewlettPackard (HP) made physical memristive devices for the first time [2] , which attracted great attention and relative research cover academia and industry. Memristor is expected to achieve non-volatile memory. Memristors are considered to be a better candidate to implement artificial neural network synapses in hardware [3] . Moreover, memristor can be used in chaotic circuit because of its non-linear characteristics [4] .
In 1936, Lorenz [5] proposed the first chaotic system which can be represented by differential equations. Afterwards, the famous Chen system and Lü system were presented by Chen and Ueta [6] and Lü and Chen [7] respectively. In 2008, the first memristive chaotic system was reported by Itoh and Chua [8] from Chua's oscillators by replacing Chua's diodes with a memristor, which is a piece-wise linear (PWL) memristor model. Two years later, the smooth cubic fluxcontrolled memristor model was applied to Chua's oscillators by Muthuswamy [9] which generated different chaotic
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attractors. The same memristor model was used in [10] , [11] too. A series of researches has indicated that traditional chaotic systems usually exist countable equilibrium points, while memristive chaotic systems often exist infinite equilibrium points. The equilibrium point plays a significant role in the chaotic system, conventionally, there are several stable or unstable equilibrium points in chaotic system, such as the Lorenz system, Chen system, Lü system and so on [12] - [14] . [15] constructed chaotic systems with any preassigned number of equilibrium points; [16] presented a chaotic system with line equilibrium. Wang and Chen [17] introduced a chaotic system with only one stable equilibrium point. Moreover, a novel attractor in Chua's circuit defined as hidden attractor was first reported and studied in [18] - [20] , whose attraction basin does not include the neighborhood of the equilibrium point. After that, hidden attractors with no equilibrium have been presented in [21] - [24] .
In this paper, the mathematical model of a memristor is used to construct hyperchaotic system. In further analysis, by adding a nonzero optimized factor to the system, the hidden attractors are found and they are verified to be controllable. This paper is organized as follows. Section II presents a memristor mathematical model and its nonvolatile characteristics. In section III, the hyperchaotic system is constructed, the Lyapunov exponent and the Lyapunov dimension of the system are calculated. Section IV discusses optimized hyperchaotic system and its controlled hidden attractors. Section V discusses the controllability and symmetry on optimized factor of the optimized hyperchaotic system. In section VI, the circuit experimental results of the system are given. Section VII draws conclusions.
II. MEMRISTOR MODEL AND ITS NON-VOLATILE ANALYSIS
According to [25] , the ideal memristors can be classified into two categories, they are current controlled memristors and voltage controlled memristors, which can be described by (2) and (2):
where R(q) and G(ϕ) indicates the memristance and memductance of a memristor respectively. Based on (2), a smooth ideal flux-controlled memristor model was researched in [9] , whose memductance is given by:
where α and β are constant. When apply a periodic voltage source v(t) = 4sin(ωt), with ω = 0.8rad/s, α = 1, β = 0.02, and let the initial flux value of the memristor ϕ 0 = 3Wb. The v−i characteristic of the memristor can be obtained as shown in Fig. 1 , which is a pinched hysteresis loop. Owing memristor is a non-volatile element, so after testing the above memristor model's circuit property, the POP(power-off plot) need to be done to verify its nonvolatile characteristic. According to the non-volatile memristor theorem, the POP of a voltage controlled memristor is plotting the loci between the rate of change (dx/dt) and state variable x with the input voltage v setting equal to zero [25] . So based on that the memristor and its ideal generic memristor (whose expression contains the state variable x) have exactly the same properties, the necessary transformation is done as follows:
Firstly, choosing a piecewise-differentiable 1:1 function as:
then its inverse function can be obtained: According to (3) and (5), the memductance of the memristor can be decribed by:
and theĝ(x) which is another part of ideal generic equation can be obtained as follows:
After getting the G(x) andĝ(x), the ideal generic equation of the ideal memristor is shown as:
Now, by setting v = 0 the POP of the above memristor can be obtained as:
From Fig. 2 , we can see that the POP coincides with the xaxis, which denote that the memristor we choose is not only with non-volatile property, but also with continuum memory.
III. CONSTRUCTION OF MEMRISTOR-BASED HYPERCHAOTIC SYSTEMS
As a new nonlinear and nano-scale element in modern circuit theory, memristor is one of the optimal components to construct novel chaotic systems, especially the hyperchaotic systems. Take this as a starting point, a hyperchaotic memristive oscillating system with two same order of magnitude Lyapunov exponents is presented based on the above nonvolatile voltage-controlled memristor mathematic model: 
the memductance of the voltage controlled memristor shown in (3), here the variable w is working as the dimensionless mathematical representation of the flux ϕ.
The expression of divergence of the system can be described as follows:
when parameters a and d are setting as a = 24, and d = 9, the ∇V is less than 0, so the system is dissipative and converge exponentially. Then by setting the other two parameters as b = 4 and c = 19, we can obtain the hyperchaotic attractor phase diagrams on x − y, x − z, y − z and x − w planes as shown in Fig. 3 (a) -3(d). The corresponding Lyapunov exponents of the system are LE 1 = 0.3399, LE 2 = 0.2144, LE 3 = −0.0045 and LE 4 = −33.5498, the Lyapunov dimension D L in this case is 3.0164, which indicates that the system the system manifests itself in hyperchaotic status under appropriate parameters.
IV. OPTIMIZED HYPERCHAOTIC SYSTEM AND ITS CONTROLLED HIDDEN ATTRACTORS
During further study on the above hyperchaotic system shown in (10), it is found that by adding a nonzero parameter f (which is called as optimization factor f , short for OPF in the following parts) in the second term of the system equation, the hidden and controllable attractors are discovered, the specific form of the optimized system equation is shown as below: In this new system, the OPF plays an important role in the state control and attractor property control. When the left side of (12) is equal to zero, if and only if the OPF is not equal to zero, the system will have no solution, in other words, there will be no equilibrium point exist in this case. Therefore, the attractors generated by the optimized system are hidden attractors, which are under control of the OPF, so in this paper, these attractors are defined as controllable hidden attractors.
By setting the OPF equal to 2, parameters (a, b, c, d) equal to (24, 4, 19, 9) and selecting the initial value as (x 0 , y 0 , z 0 , w 0 ) = (0.1, 0.1, 0.1, 0.1), the double scroll hyperchaotic attractor can be observed as shown in Fig. 4(a) , Along with the OPF gradually increasing to 25, the left part of double scroll hyperchaotic attractor gradually becomes smaller in Fig. 4(b) . When the OPF increasing to 32, the system turn into chaotic state, and the single right scroll chaotic attractor appears. When OPF setting to 50, the attractor becomes period 4 phase locus. While the OPF grow bigger to 55 and 75, period 2 and period 1 phase locus can be observed.
The parameters parameters (a, b, c, d) and initial values are unchanged, and only change the OPF equal to −2, −25, −32, −50, −55 and −75 respectively, the corresponding attractors are can be obtained in Fig. 5(a) -5(f) , from which we can see that they are completely symmetrical with Fig. 4(a) -4(f) . Fig. 5(a) is a hyperchaotic attractors, Fig. 5(b) shows a hyperchaotic attractor whose the left part of double scroll gradually bigger than the right part. Fig. 5(c) shows a chaotic VOLUME 7, 2019 As shown, the initial values for drawing the attractors in Fig. 4 and Fig. 5 are all the same, so the symmetry property of the system are derived from the symmetry of the OPF.
V. CONTROLLABILITY AND SYMMETRY ANALYSIS ON OPF OF THE OPTIMIZED HYPERCHAOTIC SYSTEM
In order to further explore the rich dynamic behaviors of the optimized hyperchaotic system, especially the controllability of OPF to the system, the Lyapunov exponent spectrum and the bifurcation diagram are shown in Fig. 6 , when the OPF is changed from −40 to 40 and the other parameters are setting as shown in Table 1 . In order to clearly show the details of the Lyapunov exponent spectrum in Fig. 6(a) , the fourth Lyapunov exponent is not shown because of its very smaller value comparing to the other three Lyapunov exponents. As shown in Fig. 6(a) , the Lyapunov exponent spectrum is about OPF symmetric. Concretely, hyperchaos starts from f = 0, and during the absolute value of OPF growing to 26, the system is keep in the hyperchaotic state. As the absolute value of OPF continue increasing, the system turns to the period state until it is bigger than 31. When |f | > 31, the system evolve into the chaotic state. Therefore, from the above analysis, and the bifurcation diagram versus OPF in Fig. 6(b) , we can conclude that the dynamic behavior of the system is completely symmetrical about the OPF. 
VI. HARDWARE REALIZATION OF THE OPF CONTROLLABLE HYPERCHAOTIC SYSTEM
From the previous analysis, it can be found that OPF got the ability to control the state of the system. By changing the value of OPF, the system will change among hyperchaotic, chaotic and periodic state, and the attractors can be converted from double scroll to single scroll. The controllability of OPF is useful in actual applications. So in this section, we realized the hardware equivalent circuit of the optimized system.
In the actual circuit, the OPF is represented by a DC signal v voltage. In order to avoid the nonlinear distortion of the circuit and observe better waveforms on the oscilloscope, the proportional compression transformation and the time scale transformation are needed to carry out. Let kx → x, ky → y, kz → z and τ → t 0 t, where k = 10 and t 0 = 1000, the system can be described by:
The designed experimental circuit is shown in Fig. 7 including the labbled memristor sub-circuit, and this circuit can be described by:
By comparing (13) with (14) , the corresponding circuit parameters in Fig. 7 can be obtained as: C 1 = C 2 = C 3 = C 4 = 10nF, R 1 = 100k , R 2 = R 11 = R 14 = 1k , R 3 = R 4 = 20k , R 9 = R 8 = R 12 = R 13 = 10k , R 5 = 2.5k , R 6 = R 7 = 4.1k , R 10 = 5k , R 15 = 11k , R 16 = 35k . The op-amp LF347 and analogue multipliers AD633 with ±15V power supplies are used to construct the experimental circuit. Fig. 8 shows the experimental results on hidden attractors under different controlling signal, which matches well with Matlab numerical simulations shown in Fig. 4 and Fig. 5 .
VII. CONCLUSION
In this paper, after investigating the non-volatile property of a smooth ideal flux-controlled memristor model, a novel memristor based hyperchaotic system is proposed, the hyperchaotic attractors and the Lyapunov exponents with two positive values are obtained too. Furthermore, we optimized the memristive hyperchaotic system by introducing an optimization factor, which can easily control the system evolve into different states, such as hyperchaotic, chaotic, quasiperiodic and period states, make the system appear state symmetrical property on it, and produce symmetrical controllable hidden attractors. Moreover, the hidden attractors of the system could convert between double scrolls and a single scroll with different optimization factors. Finally, the hardware circuit of the system has been built, the experiments results verify the theoretical analyses preferably. 
